INTROmJCTION
The problem of determining th© limitations vrf^ich imist be placed upon the angular velocity of a rotating disc has attracted coneiderable attention in the past, and contemporary progress in gas-turbine and air craft Jet-engine design is accelerating research in this field. It is desirable that accurate data be available, in order that such turbine discs may be designed to operate safely. In general, there are two distinct factors s^ich limit the angular velocity at which a disc may operate* First, in many types of rnachlnery, the inherent tolerances HWty place a limit upon the amount of deformation which the disc may undergo without regard to the actual bursting speed, nie second applies in situations writere deformation of the disc is not in Itself important, in *#?ich ease the actual bursting speed of the disc may well be the only liroiting factor. It is with the latter type of limitation that this paper deals.
Experimental data have been obtained by several investigatorsi for example, Holms and Jenkins , Itec Gregor and Tierney and Skidmore .
Unfortunately, stress-strain data for the materials used in these ex periments are not readily obtainable, hence it is not feasible to com pare theoretical calculations with any of these results.
Under the assumption that stress and strain are linearly related -in other words, the material is elastic -the solution for stresses 15 and strains is well-known. Stodola (p. 157-169), for example, has jc treated discs with a thickness function of the form h = cr . By con sidering an arbitrary Initial thickness as being formed by a number of annular rings of this type, the solution for the stresses and strains in such an arbitrary cross-section may be approximated. By means of such solutions the maximum angular velocity for which the material of the disc behaves elastically may be found.
The limitations on this type of solution are reached| however, for angular velocities considerably below that at which the disc ruptures.
For somevrfiat greater angular velocities the material is said to become plastlcj that is, the material remains deformwJ after the stresses have been removed. From a mathematical standpoint, there are two widelyused criteria for the transition frcmi the elastic to the plastic state.
Tresca's yield condition states that plastic yielding will occur virtien the aMnximiira shear stress in the material reaches a critical value. This critical value is equal to the experimentally determined yield stress in pure shear. Von Mlses' yield condition states that plastic yielding will occur when a certain invariant of the stress deviation tensor becomes equal to the square of the yield stress in simple shear. The exact forms of these criteria will be shown later.
Nadai and Donnell^^ first investigated the distribution of stresses and strains in a rotating disc for angular velocities ranging frcm« that for which the yield point was first reached at some point in the disc to that for wriiich the entire disc had just become plastic. A simple solu tion using Tresca's yield condition is also given by Hoffman and Sachs^.
If it is assumed that the yield stress in pure shear remains constant as deformation proceeds, the material is said to be perfectly plastic.
This implies that unrestricted plastic flow may take place without further Increase in the stresses. This is usually a satisfactory approach when the plastic strains are fairly small, as, for example, when the angular velocity is limited by the amount of deformation to be tolerated rather than by the angular velocity at which the disc bursts.
However, the yield stress in pure shear does not remain constant in practical materials for large strains. Such materials are said to strainharden, and this is the type of materials considered in this paper. For such materials it will be shown that the angular velocity at which the disc bursts represents a considerable increase over that at which the disc first becomes fully plastic.
GENIRAi DISCUSSION
The mathematical theory of plasticity may be based ujK>n the behavior of the material In question under a simple tensile test. When longitudinal force is applied to a cylindrical test speciinen, the states of stress and strain near the ends of the spectaien are quite complex. However, if the specimen is rather long, it is assumed that the states of stress and strain are hcHaogeneous in the central portion of the specimen. It is customary to choose a 'gauge length* in this central portion, and then define the * conventional tensile stress* as the ratio of applied axial force to the original area of the cross-section, and the * conven tional tensile strain* as the ratio of elongation of the gauge length to its original length* On the other hand, *true* stress and strain are defined with relation to the current area and current length of the speci men. eoincides with OP, reroeval of the applied stress causes the strain to fill to zero. As long as the state of stress and strain corresponds to a point ©f this portion of the stress-strain curve} the material is said to be * elastic*.
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If, however, the state of stress and strain is such as to correspond to a point on the stress-strain curve which is not on this linear portion, for example point Q of Figure 2 , then stress and strain are no longer linearly related, Furthe^raiore, if the stress be reduced gradually, the state of stress and strain no longer corresponds to a point on the original stress-strain curve, init to a point on the path CJC, parallel to the linear portion The material is then said to have yielded plastically, the strain OC being the peiwanent or plastic strain. Upon re-applying the stress, the behavior of the aiaterial is very nearly described by the line CQ until point Q is reached. Application of further stress will then re sult in increased plastic yielding, and the state of stress and strain will then correspond to a point on the original stress-strain curve such as T in Figure 2 , For wore general stress states, the transition from elastic to plastic behavior Is more complicated. The discussion may well begin with a nsaterial which has not been strained beyond the elastic range. The stresses and strains within the material are unl<|uely related until plas tic yielding begins. Tlie criterion for incipient plastic yielding may then be expressed in texros of the stress components, only. The 'yield condition* may therefore be written in the forra yield condition and the associated flow rule. An extension of this work to the solid disc with an arbitrary initial thickness is desired.
Th@r® are several basic assumptions which are made in this paper.
As noted above, it is coimonly assumed in working with this problem that the axial stress is zeroj and that the remaining stresses do not vary in the axial direction. This assumption is justified by the agreement of theoretical calculations with experimental evidence, wdiere such is avail able, and will bs adopted in this paper. The paroblem is further simpli fied by the assumption that the material is incompressible while under going plastic deformation. Bapirical evidence in favor of this assumption presented by ^idgMin^,
found that the compressibility of most metals is negligible under conditions of plastic deformation.
In the case of uniaxial tension the plastic strain obtaining when the material is near th@ breaking point is many times the elastic strain present in the naterial. In comparison with the plastic strains, the elastic strains are therefore negligible, and are usually ignored. The theory of plasticity arising from this assmiption is known as the rigidplastic theory, and is the theory proposed by Von Mises. It should be fitted that this theory would not be tenable if the deformation were limited to values not greatly different from the mximm elastic deforma tion. Since this paper deals with large plastic strains, the rigidplastic theory is adopted.
Finally, the assumption is made that the material remains isotropic under plastic deformation, llii® is p3N>bdbly not strictly true of practical Mterlals, but is justified in previous work by the agreement with experi mental evidence.
paper, it is then the task of mathefflatic® to determine the logical conse quences thereof. Prom a strictly math^natical point of view, any set of assumptions is admissible wrtiich leads to a consistent system of results.
From an engineering standpoint, however, it is necessary that the assumptions represent the behavior of the material in question to a suf ficient degree so that the theory yields usable results. It would appear that test® of rotating discs should furnish additional information as to the Justification of certain of these assumptions. 0ue to axial synreetry, the principal stresses are the tangential stress cTqi the radial stress 0^ and the axial stress 0^, as shown in Figure   7 . The principal shearing stresses are, therefore, 2 k© " '2 1*^0 * *^rl and ^ -0J • Tresca*s yield condition states that plastic flow can occur if at least one of these principal shearing stresses is equal to a critical value, which depends «pon the considered state of strain-hardening. In addition, the relation between conventional tangential stress and conventional tangential strain Eg may be taken as Sq = f(eg) (6) where relation between stress and strain as obtained from a slisple tensile test of the niaterlal.
I4ich of the following discussion parallels that of Weiss and Prager •
It is deslrablei howeveri to consider this material in the light of an arbitrary initial thickness, and to examine the possibility of extension of the method to the problem of the solid disc.
Consider a rotating disc of initial thickness h * h(r) and initial radius b» From the faffliliar elastic stress analysis, it is knowi that, as the angular velocity co of the disc Is gradually increased, the yield limit is first reached at the center of the disc* As co is further in creased, there will be a plastic region at the center of the disc sur For larger values of to, plastic flow will take place* However, in order that e^ » v/r may be finite at the center of the disc. It Is necessary that V = 0 for r » 0. &t, according to Eqs. (5), v is independent of r.
Thus V * 0 and no flow can occur. Therefore, the use of Tresca*s yield condition and the associated flow rule must apparently be restricted to annular discs. The remainder of this section deals with such an annular disc, having Inner radius a and outer radius b.
A particle, Initially at radius r, will be found at radius R when the angular velocity is to» The relation between initial and instantaneous radii is, th<OT} R « r • u, 
The equation of equilibrium in the deforaed state is In this equation, a total derivative is used, since the quantities involved ar@ assumed to be independent of the axial coordinate, and are independent of the tangential coordinate from synsaetry. When Eqs. (6), (8) and (9) are substituted into Eq. (10) A® vuas to k@ expected) reiaoving material from the outer portion of the disc resulted in an increase in bursting speed. It is noteworthy that changinf frora the condition in which the outer rira is l/4 the thickness of the inner rin to that in vdiieh the outer riia is 4 times the thickness of the inner rim resulted in a bursting speed reduction of only about 31 per cent. Hence the bursting speed appears to be not too sensitive to changes in the thickness function, within the limits for w^iich the disc could be considered thin. 
where S ^ S. and S ar© the stress deviations In the radial) tangential 3!* 2 and axial directions, respectively. If angular velocity is considered as a monotone Increasing function of time, we may write these relations as:
©Eg/6^0« X Sq5 Qe^dco = X S^.
From these relations, X may be eliminated to obtain: ® S^9eg/5© and S^de^d© = S^de^/dco.
Wien Iqs, (17) are substituted in Iqs. (26) and means of the condition of ineorapressibility, the following results
and ( 
as given in part C above.
The trwe radial stress 0 is transmitted across an area which is r proportional to H8, and the conventional radial stress Is transmitted across an area which 1® proportional to hr. Thus, 
In general, it is not possible to obtain an analytic solution for this system of equations. In dealing with any engineering problem, the stressstrain relation = f(Ej|) knowj only as an empirical curve farora ex perimental data* Even if an analytic expression were prescribed as an approximation to a stress-strain relation, the integrand appearing in Eq.
(37) is a function of the particular program of strains which was followed in reaching the considered state. Without a priori knowledge of the manner in w^ich the considered state of strains is reached, the author does not know of any means by vtrtiich this system of equations may be solved analytically* For a particular material, an approximate solution may be obtained by numerical methods. One such method involves replacing the differential equations by finite-difference equations, and the integral in Eq* (37) by a finite sum* In order to do this, suppose the radius of the disc to be divided into N equal parts, so that r^ = nh/N* Also, consider a finite set of values where co^ is the angular velocity at v^ich the disc first bec<»ne8 fully plastic* The finite difference equations obtained in the case of a disc with constant initial thickness arei
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Thi® system ©f equation® may be treated as follows. Select a value of Sg at the center @f th© discj and a tentative value for ooj^. Eq. (34) states that e * at the center of th© disc. Eq. (36) then shows that at th® center of the disc, and S can then be computed from Eq. 4; Is In this manner, one proceeds from station to station until the outer edge of the disc is reached. The value of S " , which has been obtained r,N,i
should match the boundary condition prescribed. In case the boundary con dition is not satisfied, the entire process must be repeated with a re vised value of ojj.
By this in@an«| values of co corresponding to discrete value® of q iMty be obtained. The value of m for wrtilch plastic instability occurs Is 2 that value for wrttleh the curve of as vs. Cg q ha® a maxlnnun* This should correspond to the fcwrstinf speed of the disc.
hs an exanplei the calculations were carried through for a solid disc with a constant Initial thickness, making use of the stress-strain data of Figure S . In performing these calculations, N was taken as 10, and computations were rnad© at increments of Eof 0.01, except near the Bfflxiauffi of the curve, where snraller increments were taken In order to de fine the shape of the curve better. The results of these calculations are shown in Table 2 
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